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Impact of degree of diagonal dominance.

Results for Banded Dense Matrices Relative speedup over Infel’s MKL

The results show the sensitivity of SaP::GPU’s 6 e SAP: :CPU-C over MKL
execution time with respect to the number of —e—SaP: :GPU-D over MKL
partitions P (varied from 1 to 100) and the degree
of diagonal dominance* (varied from 0.06 to 1.2).
The matrix size is fixed to dimension N = 200 000

Background and Motivation

The task of solving a linear system is ubiquitous in numerous computational problems such as
implicit integration of Ordinary Differential Equation (ODE) and Differential Algebraic
Equation (DAE) problems, numerical solution of Partial Differential Equations (PDE), interior
point optimization methods, least squares approximations, solving eigenvalue problems,
and data analysis.

and half-bandwidth K = 200.

* Degree of diagonal dominance: the maximum of d which
satisfies Vi |a;| = d X4 lajl
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We discuss an approach for solving sparse or dense banded linear systems on a GPU card.
The solver based on this approach, SaP::GPU (SaP for Splitting and Parallizing) developed in
the Simulation Based Engineering Lab (SBEL), is compared in terms of efficiency with Intel’s
MKL solver (for dense banded matrices). We also compare SaP::GPU in terms of efficiency
and robustness against three commonly used sparse direct solvers: PARDISO, SuperlLU, and
MUMPS. SaP::GPU is surprisingly robust and compares well in ferms of efficiency with the
aforementioned direct solvers.
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SaP::GPU Overview of Methodologies
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Banded Matrices. Assume that banded matrix Ay, has half-bandwidth K << N.

SaP::GPU partitions the matrix A into P blocks and decomposes it into a block-diagonal 0 10 20 30 40 5UPGU 7080 90 100
maftrix D and a spike matrix S:

Matrix Reordering Issues
Al B, Aj I Vi
L“ Diagonal boosting and bandwidth reduction are key stages in the solufion process. Against
C> \% B, \% Wl | 1 Vs this backdrop we compare SaP::GPU to Harwell Subroutine Library (HSL) on a set of 125
L“ — % matrices. We also considered a second, smaller sample subset of the 20% largest matrices
Cs [N\ B,_, N\ Wil | .| Ve, (separately on matrix dimension N-dim, and on number of nonzero elements NNZ).
Bq (b) Bandwidth reduction (CM) performance
Cp \AP % Wp I (a) Diagonal boosting (DB) performance (subset of 20% largest matrices only)
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The goal it to produce a preconditioner and employ a Krylov-subspace iterative solver. 37

Since Ax=b & Dg=Db & Sx =g, we seek efficient ways to approximate S:
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« Decoupled approach: SaP: :GPU-D, (band-block-diagonal preconditioner)

RurII Time: log2 performance metric
Run Time: log2 performance metric
Half Bandwidth: percent difference
Run Time: log2 performance metric
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Wy Resulls for Sparse Matrices, a Statistical Analysis

Figure (a) shows the problem sizes N encountered in this statistical analysis, which drew on
Use as a preconditioner for a Krylov iterative solver, e.g. BICGStab?2. 114 real application matrices. Fig. (b) shows fime breakdown info on the solufion of the
sparse linear systems. Fig. (c) shows the performance comparison with PARDISO, SuperlU,

. : . : and MUMPS. Table (d) shows the impact of the third-stage reordering.
Sparse matrices. In a preprocessing, we perform row/column reorderings for diagonal

boosting (DB*) and bandwidth reduction (CM**), and optional drop-off. A third stage

\ ) S . . . (a) Statistics on dimension and number of nonzeros (b) Statistics on SaP::GPU profiling
reordering for bandwidth reduction is applied on each sub-mairix A, to improve (from 114 real application matrices) (including the Krylov stage)
performance. Loo T
* DB: carried out to move heavy matrix entries onto the diagonal. We perform LU with no pivoting ] 90 | ]
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** CM: a Cuthill-McKee, bandwidth reduction algorithm on a sparse matrix with a symmetric sparsity pattern. 1 IWH + o+ +: 1y _IH“ FHOH o+ S 8o
We implemented a hybrid GPU-CPU CM algorithm in a stage denoted as CM. S 0l T
| | - |
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(c) Statistics on SaP::GPU comparison against
5 PARDISO, SuperlU, and MUMPS Out of 114 sparse linear systems considered,
SaP: : GPU-C, r:g::::s’s -~ » SsaP::GPU-C, o ' T 1 there are several observations from solver
o ol . | comparison:
3 * ' i - 57 were solved by both SaP and
6 + L - -
Preprocess = 4 ,| Data | | Drop off , Assemble A; g X | | PARDISO. SaP was faster than PARDISO for
sparse transfer [3"-stage reordering] é 4+ T : : . 20 of these 57 linear systems.
s °f | | | 1+ 60 were solved by both SaP and MUMPS.
g of : SaP was faster than MUMPS for 27 of
o 2t | | ; - these 60 linear systems.
E | — — .+ 71 lved by both SaP and SuperlLU
. . g -af : were solved by both SaP and SuperlLU.
Testing Environment and Methodology E ol X | SaP was faster than SuperlLU for 38 of
GPU: Tesla K20X GPU card (Kepler architecture) g 8l . - these 71 linear systems.
CPU: 2 x X £5 5400V0 i X « NOTE: Neither MUMPS nor SuperlLU was
: X eOﬂ - V ) i 1 1 1 |
SaP vs. Pardiso SaP vs. SuperLU SaP vs. MUMPS ever I:CISIer IhOn PARDISO

Method: Compare SaP::GPU against Intel’'s MKL banded solver on synthetic banded
matrices, and against PARDISO, SuperlU, and MUMPS on application maitrices obtained

from the University of Florida Sparse Matrix Collection and Simulation Based Engineering Lab. .
J J Conclusions. Future Work

« SaP::GPU as a dense banded solver is fast. Over half of the tests run more than twice faster
than Intel’'s MKL.
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